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ABSTRACT
The effective fatigue crack driving force and crack opening profiles were
determined analytically for fatigue tested unidirectional composite specimens
exhibiting fiber bridging. The crack closure pressure due to bridging was modeled
using two approaches; the fiber pressure model and the shear lag model. For both
closure models, the Bueckner weight function method and the finite element method
were used to calculate crack opening displacements and the crack driving force. The
predicted near crack tip opening profile agreed well with the experimentally measured
profiles for single edge notch SCS-6/Ti-15-3 metal matrix composite specimens. The
numerically determined effective crack driving force, AKef f, was calculated using
both models to correlate the measured crack growth rate in the composite. The
calculated AKef E from both models accounted for the crack bridging by showing a
good agreement between the measured fatigue crack growth rates of the bridged
composite and that of unreinforced, unbridged titanium matrix alloy specimens.
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INTRODUCTION
The new generation of aerospace vehicles will require low density/high strength
materials capable of withstanding high temperatures while retaining a high stiffness
under relatively high loads. Continuous fiber, metal matrix composites (MMC)are
candidate materials for such applications.
The ability to predict fatigue crack growth behavior of these composites is of
particular interest due to the presence of manycrack-like defects in these
materials. Experimental studies on a numberof these composites (Refs. 1,2) have
shownthat cracks tend to propagate in the metallic matrix leaving behind unbroken
fibers which bridge the cracked surfaces. Unbroken fibers in the wake of the crack
carry someof the applied load and thus shield the crack tip. As the crack grows,
the bridging zone increases and further shields the crack tip by reducing the overall
crack driving force (Ref. 2).
A number of researchers (Refs. 3-9) have attempted to model crack bridging. The
crack bridging model that has received the most attention for composite materials is
the so-called shear lag model (SLM) (Refs. 3-6). This model is based on the relative
sliding between the fiber and the matrix in the region where the interface shear
stresses exceed the strength of the interface. This model was developed for brittle
matrix fiber composites with only a frictional constrain between the fibers and the
matrix. Recently this model has also been applied to metal matrix composites
exhibiting fiber bridging (Ref. 4).
Another type of bridging model which may be applicable for these types of
composites is based on the application of a closure pressure in the bridged zone
proportional to the load carried by the bridging fibers (henceforth this model will
be termed fiber pressure model (FPM)). This methodology had been applied previously
to model the effect of unbroken ligaments in dynamic fracture testing of steels
(Ref. 8) but has not been previously applied to composites or to fatigue modeling.
In order to decide how accurately these models represent the actual fatigue
crack growth behavior, the predicted results from both models are compared to
experimental test data obtained from single edge notch SCS-6/Ti-15-3 MMC specimens.
Testing was performed using a specially designed loading stage mounted inside a SEM
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(Ref. i0). The high magnification viewing of a specimen loaded inside a SEMpermits
accurate measurementsof the crack opening displacements and of the crack growth
rates.
CLOSUREMODELS
The effect of fibers bridging the crack faces can be modeled by applying a
closure pressure in the bridged region as shownin Fig. I. Different forms of
closure pressures can be formulated depending on the fiber, matrix and interface
properties (Ref. 9). The closure pressure formulation most commonlyapplied is the
shear lag model (SLM) proposed by Marshall, Cox and Evans (Ref. 3). In their
formulation, the closure pressure in the bridged region is a function of the
fiber/matrix interracial friction shear stress and is proportional to the square root
of the opening displacement. The closure pressure is given by:
where
2
)Tv fE fEc
c(x) = 2[R(I _ vf)Em
u(x) crack opening displacement
T fiber/matrix interfacial frictional shear stress
E composite modulus
C
E fiber modulus
f
E matrix modulus
m
R fiber radius
v fiber volume fraction
f
Since c(x) is a function of the unknown opening displacements, an iterative
scheme is required to solve for these displacements.
Recently the closure pressure formulation in the shear lag model has been
modified by McCartney (Ref. ii) to make the model energetically consistent.
formulation is as follows:
(la)
The new
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u(x)Tv_E_Ecl
c(x) = 2 .... _l (ib)
R(I - vf) EmJ
In this study the original formulation of the closure pressure was used. The effect
the new formulation would have had on the calculated results is discussed later on.
As an alternative to the shear lag model, the closure pressure in the fiber
pressure model (FPM) is assumed to be equal to the stress carried by the fibers in
the bridged region averaged out over the total bridged area (a - a0). The closure
pressure c(x) is given by:
_( w 6wa0[0.5(w - a0) - (x - a0)]
c(x) = _ [ _ + (2)
w a 0 (w - a0 )3
where _ is the applied remote stress, w the width of the specimen, and a 0 and
a are the initial notch length and the total crack length, respectively, and where
x is the distance to the bridged area measured from the free surface. Equation (2)
represents the normal and bending stresses in the bridged fiber region and is valid
only for a partially bridged crack. This formulation is applicable to a composite
system with very stiff fibers as in the case of MMC's with ceramic fibers.
Either the Bueckner weight function method or the finite element method can be
used with the closure models to determine the effective stress intensity factor,
_Keff, and the crack opening profile. The formulation and application of each model
are described in the following sections.
Bueckner Weight Function
The most direct method to determine the stress intensity factor and the crack
opening profile is the weight function method. The weight function used is based on
the Bueckner formulation (Ref. 12) for the stress intensity factor calculation of a
single edge notch specimen with a finite geometry (Fig. l(b)). This formulation
differs somewhat from the original formulation by Marshall, Cox and Evans of the
shear lag model (Ref. 3) in that their weight function was for a crack in an infinite
region.
The homogenized composite stress intensity factor for a partially bridged
specimen is given by:
x ocxax1
K(a) - 0 _a -----_' a° _(a - x')
where
H(a,x' ) - 1 + m I-
a - x' (a - x') 2
+ m2 (4)
a 2
a
and where m I and m 2 are a function of the ratio of the crack length over the
width of the specimen and given by:
2 5
a a
m I = 0.6147 + 17.1844__ + 8. 7822__
2 = 6
w w
(5)
2 6
a a
m 2 - 0.2502 + 3.2889__ + 70.0444__
2 6
w w
(6)
The Bueckner weight function method was extended to calculate the crack opening
displacements. The crack opening displacements are calculated at a location x due
to a crack extending from x to a. By varying the location of x over the entire
crack length, the crack opening profile is obtained. The displacement at a location
x is given by:
(7)
where
[_w for 0 < x' < a0_ (8)
|
P(x' ) = m _ c(x') for a 0 < x' < a]|
and where E and P are the homogenized composite elastic modulus and Poisson's
C C
ratio, respectively in the loading direction.
Up to this point the analytical solution is identical for both closure models.
The difference in the solution is due to the substitution of the appropriate closure
pressure c(x) for each model into Eqs. (3) and (7). For the fiber pressure model, a
direct numerical integration of the equations gives the solution for the opening
profile and the stress intensity factor. For the shear lag model, an iterative
scheme is required with a small damping factor to guarantee convergence. The
convergence of this method was rather slow and used substantial CPU time. To limit
the CPU time, a finite element approach was also used to calculate the crack opening
displacements and the crack driving force in the composite.
Finite Element Approach
The fiber pressure model was used in the finite element program as a nonuniform
pressure applied in the bridged region. For the shear lag model, the closure
pressure was applied as a nonlinear foundation pressure. Thus the closure pressure
for the shear lag model is given by:
c(x) - Kst(u)u(x) (9)
where K t(u ) is a nonlinear foundation constant given by:
Tv_E fEc (i0 )
K,t(u ) = 2 u(x)R(l - vf)E m
The finite element mesh used is shown in Fig. 2 for half the specimen, accounting for
symmetry. Eight-noded quadrilateral plane strain elements were used with quarter
point singularity at the crack tip (Ref. 13). Finally, the composite stress
intensity factor was determined from the displacement field near the crack tip. For
simplicity, the FEManalysis utilized an isotropic only solution which is consistent
with the Bueckner weight function formulation.
The advantage of the FEMover the Bueckner weight function method was the
convergence speed for the shear lag model. The finite element solution for the shear
lag model converged rapidly. After it was determined that both techniques produce
very similar results, the rest of the analysis was performed using the Bueckner
weight function method for the fiber pressure model and the finite element method for
the shear lag model.
EXPERIMENTAL
A fatigue crack growth study was conducted on two single edge notch (SEN)metal
matrix composite specimens. The test material was a SiC (SCS-6) fiber reinforced
composite with a Ti-15V-3Cr-3AI-3Sn (Ti-15-3) matrix. The fiber diameter was 145 _m
and the fiber volume fraction was 0.36. The testing was performed on
unidirectlonally oriented specimenswith the fiber direction being parallel to the
=
loading axis and perpendicular to the starter notch. The maximum stress applied for
=
specimen number 1 was 220 MPa and 310 MPa for specimen number 2 (see Table I). Both
of the tests were performed at room temperature with an R ratio (minimum stress/
maximum stress) equal to 0.i and a test frequency of 5 Hz. Composite specimens were
tested inside a specially designed loading stage mounted inside a SEM (Ref. i0).
Testing was periodically interrupted to measure the crack growth rates and crack
opening displacements. The measurements were performed at high magnifications (up to
2000X). Crack opening displacements were measured both at the maximum and minimum
applied stresses in order to obtain crack opening displacement range (Au). Companion
testing was performed on compact tension (CT) specimens machined out of unreinforced
matrix alloy which was processed in a similar manner as the composite. Complete
details of the testing program have been published in Ref. 2.
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RESULTSANDDISCUSSION
Experimental Results
The fatigue crack growth results for the MMCspecimens and the unreinforced
matrix specimens tested are shownin Fig. 3. The fatigue crack growth behavior of
the composite and the unreinforced matrix is drastically different. The behavior of
the unreinforced matrix showstraditional fatigue crack growth characteristics.
However, in the composite the crack growth rates of the MMCspecimens were orders of
magnitude lower than the unreinforced matrix specimens. In addition, the crack
growth rates of the composite decreased with an increase in the crack length until an
eventual crack arrest was achieved. The SEM observations revealed that the crack
propagated only in the matrix leaving behind unbroken fibers to bridge the crack.
The effect of fiber bridging on the crack driving force and crack opening
displacements was analyzed using the previously mentioned models and is described
next.
Unbridged Single Edge Notch Specimen
To check the accuracy of the numerical integrations of the Bueckner weight
function and the FEM analysis, the stress intensity factor (SIF) and the crack
opening profile for an unbridged SEN specimen were first determined and compared with
published results (Ref. 14). The results shown in Table 2, exhibit a very good
agreement between the published results and those obtained through both type of
analyses.
Crack Opening Displacements
The effect of fiber bridging on crack opening displacement in the SCS-6/Ti-15-3
metal matrix composite system was determined analytically using the fiber pressure
model and the shear lag model. The values of the material properties and specimen
parameters used for the analyses are given in Table 1 for the two testing conditions.
The crack opening displacement range, (_u), data obtained using the shear lag
model for differen_ values of T is plotted in Fig. 4 for a stress range of 198 MPA
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and a crack length of 1.89 mm. Also plotted in Fig. 4 are the results from actual
measurementsof the displacement ranges obtained from the first specimen. The shear
lag model with a T value of approximately 20 MPa correlated well with the
experimental results near the crack tip. As seen from the figure, the crack opening
profile obtained by the shear lag model decreases with increasing T.
It has proven to be rather difficult to accurately determine T experimentally.
The reported T values for the SCS-6/Ti-15-3 range from N5 to NI40 MPa
(Refs. 15-18). While a T of 20 MPa is on the lower end of the reported spectrum,
it is still within the range of the reported values. It should be pointed out that
the T value calculated depends on the shear lag formulation used, Eq. (la) versus
Eq. (ib).
The _u results calculated by the fiber pressure model and the shear lag model
with a T = 20 MPa are compared in Fig. 5 to the experimentally obtained measurements
for both specimens tested. Shown in the figure are three sets of predictions versus
actual measurements for three different combinations of applied load and crack
length. For all three sets of data, both models predicted closely the experimentally
obtained displacement range near the crack tip. However, for specimen number 1
(Fig. 5(a)), further away from the crack tip the actual _u's are higher than those
calculated by both closure models. This discrepancy near the machined notch root may
be due to fibers and interfaces damaged during machining which would tend to increase
the actual COD displacements. However, it should be pointed out that it is the near
crack tip displacements that control the crack growth behavior, and both models
predicted these displacements accurately.
Stress Intensity Factor
Both models were used to calculate a bridging corrected crack driving force,
_K ::. Since the cracking observed in the composite material tested was limited to
the matrix only, the effective crack driving force is assumed to be the effective
i0
stress intensity factor in the matrix of the composite. Assuming a condition of iso-
strain between the composite constituents ahead of the crack tip, the effective crack
_K of the homogenizedcompositedriving force in the composite is related to the
(obtained from Eq. (3)) by:
(ii)
The effective stress intensity factor, Kef, was calculated for the shear lag
model as a function of applied stress for different values of T. As shown in
Fig. 6, at a given stress level, the calculated Kef f decreases with increasing T.
The effective crack driving force for the composite, _Kef f, is calculated from Fig. 6
by subtracting the Kef [ at the minimum stress from the Kef f at the maximum stress.
For further analysis using the shear lag model, T with a value of 20 MPa was used
since this value of T resulted in the best description of the measured crack
opening displacements.
Figure 7 shows the relationship between the crack driving force parameter,
_KGff, and the length of the crack over which bridging is occurring. The results
shown are for both the fiber pressure and shear lag models. For comparison purposes,
the applied stress intensity factor _K as a function of the crack length for the
app
unbridged case is also shown. The unbridged analyses show an increase in the fatigue
crack driving force with an increase in the crack length. On the other hand, both
closure models show a decrease of _Kef f with an increase in the bridged crack
length. The decrease in the _K ff occurs at faster rate initially (until a crack
extension, _a, of approximately 0.25 mm is reached), after which the decrease in the
_Ke_ f continues, albeit at a significantly lower rate. The 0.25 mm crack extension
during which most of the decrease in the _Kef f occurred, corresponds to crack
growth through two fiber rows. These results point to the rapid effect fiber
bridging has on decreasing the crack driving force.
ii
The models also predict an eventual crack arrest which was shown to occur
experimentally. Once enough fibers bridged the crack wake to lower the _Kef f below
the matrix alloy threshold level _Kth, crack arrest occurred.
The experimentally obtained composite FCG data is then plotted as a function of
the effective crack driving force, _Keff, as calculated by the closure models. The
results are shown in Fig. 8, together with the MMC and unreinforced matrix alloy data
plotted in terms of applied stress intensity factor _K . The calculated _Keff,
app
for both closure models, moved the MMC crack growth data into agreement with the
crack growth trends exhibited by the unreinforced matrix alloy. Thus both models
were able to account for the reduction in the stress intensity range in the matrix
caused by the fiber bridging.
Couple trends exhibited by the data should be noted. For both specimens tested,
the _Ke_ _ calculated by the fiber pressure model was lower than the _Kef f obtained
from the shear lag mode. Also in the case of the shear lag model, the _Kef f values
for the specimen tested at _w = 280 MPa were higher than those at _w = 198 MPa
and are further away from the data trends exhibited by the unreinforced matrix alloy.
McCartney (Ref. ii) reformulated Eq. (ii) to calculate _Kef f. The new
formulation, which takes into consideration the energy balance is as follows:
I ]I/2
E m
_Kef f = _K Ec ( 1 - Vf)
(12)
The crack growth data for both closure models was plotted in terms of McCartney's
reformulated _Ke: f parameter and is shown in Fig. 9. As seen in the figure, there
is still a good agreement between the trends exhibited by the unreinforced matrix
alloy specimens and the predictions made by the fiber pressure model. In case of the
shear lag model, the new formulation of _Ke[ f shifted the predictions somewhat away
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from the unreinforced matrix alloy data especially for the specimen tested at the
higher stress level.
Comparison Between the Closure Models
As was described previously, both models were successful in predicting the crack
opening displacements and accounting for the effect of fiber bridging on the
composite fatigue crack growth data in terms of a crack driving force parameter,
AKef f. However, for this particular study the fiber pressure model offers certain
advantages over the shear lag model. One advantage is in the direct method of
determining the closure pressure, no iterative solutions are required to determine
the crack opening profile and the computing time is much shorter in comparison to the
shear lag model. Also, for the fiber pressure model, the material and specimen
parameters needed to perform the calculations can be obtained through standard means.
On the other hand, the shear lag model requires previous knowledge of the interfacial
frictional shear stress. Even though this is the most crucial parameter required for
modeling the MMC crack growth behavior by the shear lag approach, no standard method
exists for obtaining this parameter. It has been shown that different methods used
in obtaining a value of T can result in markedly different results (Refs. 4,15-18).
Only through a trial and error process and our unique capability of measuring crack
opening profile, we were able to settle on a T value which successfully predicted
the test results.
As mentioned previously, the formulation to determine the closure pressure c(x)
for the shear lag model has recently been reformulated (Eq. (ib)). With the new
formulation, in order to obtain the same crack opening profile, the interfacial
frictional shear stress, T, has to be reduced by a factor of 3.2. This results in an
operative T of 6.2 MPa. This value of T is on the lowest end of reported values
for the SCS-6/Ti-15-3 composite and brings to question the use of the reformulated
model to accurately predict crack bridging induced behavior.
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While the use of the fiber pressure model is limited to the case of a partially
bridged crack, it is very straightforward in its use and it did more than an adequate
job in modeling the fatigue crack growth behavior of this particular composite.
SUMMARY
A study was performed to model the effect of fiber bridging on the fatigue crack
driving force and crack opening displacements in a SCS-6/Ti-15-3 metal matrix
composite. The bridging mechanism was modeled using the shear lag and fiber pressure
models. Both the finite element method and the Bueckner weight function methods were
used for each model to obtain the numerical solutions. The experimental segment of
the study was performed in a specially designed fatigue loading stage mounted inside
a scanning electron microscope which allowed for high magnification measurements of
the crack opening displacements.
For both models, the predicted crack tip opening profile agreed very well with
the experimentally obtained data. In the case of the shear lag model, use of the
interracial frictional shear stress of 20 MPa resulted in the best fit for the crack
opening displacements. This value of T remained constant for variations in _a ®
and crack length.
The numerically determined effective crack driving force, _Keff, was calculated
using both models to correlate the measured crack growth rates in the composite. The
calculated _Kef f from both models accounted for crack bridging by showing a good
agreement between the measured crack growth rates of the bridged composite and that
of unreinforced, unbridged titanium matrix alloy specimens.
Even though both models showed excellent capability of predicting the effect of
crack bridging on crack growth behavior, the fiber pressure model offers certain
advantages over the shear lag model. The fiber pressure model is straightforward and
requires considerably less computing time than the shear lag model. Probably the
most important disadvantage of the shear lag model is the requirement to accurately
14
determine the interfacial frictional shear stress of the composite in question. This
parameter, which is not required for the fiber pressure model, has been shownto be
very difficult to obtain reliably.
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TABLE I. - SiC/Ti-15-3 METAL MATRIX COMPOSITE PROPERTIES
AND TESTING CONDITIONS
Specimen no. 1 Specimen no. 2
Unbridged length, mm a 0 = 1.0 1.0
Specimen width, mm w = 5.12 5.09
Specimen thickness, mm b = 2.03 1.91
Maximum applied stress, MPa
Minimum applied stress, MPa
R ratio
Fiber modulus, GPa
Matrix modulus, GPa
Composite modulus, [0]8, GPa
Composite Poisson's ratio, [0]8
Fiber radius, _m
Fiber volume fraction
0`_ = 220
0`m = 22
0.i
311
31
0.I
E = 427
f
E = 89
m
E = 184
c
U = 0.2825
c
R = 72.5
vf = 0.36
TABLE 2. - COMPARISON OF CRACK OPENING DISPLACEMENTS
AND STRESS INTENSITY FACTORS FOR DIFFERENT
ANALYTICAL METHODS FOR AN UNBRIDGED CRACK
Bueckner weight function
Finite element method
Tada (ref. 14)
(a/w = 0.37)
Normalized
displacement
u(o)E
40"%
2.701
2.704
2.675
Normalized
SIF
K
(D 1/2
0` (_a)
1.953
1.895
1.957
- at the free edge.
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(a) Actual bridged crack.
ftlftlf
(b) Modeling of bridging
using a closure pressure.
Figure 1.--Partially bridged single notch specimen.
• -- Bridged crack
Figure 2.--Finite element mesh for single edge notch
specimen.
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Figure 3.-Fatigue crack growth rates of the composite and the unreinforced
matrix alloy specimens as a function of BK app.
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Figure 4.-Comparison of the measured crack opening displacement range with
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Figure 5:-Comparison of the measured AU
profiles with the predicted profiles using the
fiber pressure model and the shear lag model
('r = 20 MPa).
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Figure 9.-Crack growth data in terms of the reformulated tLKotl parameter
(eq. 12).
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